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Type-I clathrate compounds with off-center guest ions realize the phonon-glass electron-crystal concept by
exhibiting almost identical lattice thermal conductivities κL to those observed in network-forming glasses. This
is in contrast with type-I clathrates with on-center guest ions showing κL of conventional crystallines. Glasslike
κL stems from the peculiar THz frequency dynamics in off-center type-I clathrates where there exist three kinds
of modes classified into extended(EX), weakly(WL) and strongly localized(SL) modes as demonstrated by Liu
et. al., Phys. Rev. B 93, 214305(2016). Our calculated results based on the hopping mechanism of SL modes
via anharmonic interactions show fairly good agreement with observed T-linear rise of κL above the plateau.
We emphasize that both the magnitude and the temperature dependence are in accord with the experimental data
of off-center type-I clathrates.
PACS numbers: 63.20.Pw Localized modes 63.20.Ry Anharmonic lattice modes 63.50.+x Vibrational states in disordered
systems
I. INTRODUCTION
Lattice thermal conductivity constitutes a key element
to improve the efficiency of the thermal-to-electrical con-
version in thermoelectric (TE) devices as understood from
the material’s figure of merit describing the efficiency
Z = S2σ/κtot [K
−1]. The numerator contains the See-
beck coefficient S(T ) [V/K] and the electrical conductiv-
ity σ(T ) [1/(Ωm)], while the denominator κtot(T ) [W/(mK)]
consists of the sum of electrical κel and lattice κL thermal con-
ductivity. Hence, the high performance of thermoelectricity
can be achieved for materials with the lowest possible thermal
conductivity κtot, the highest possible electrical conductivity
σ and the highest possible Seebeck coefficient S. Provided
that the Wiedemann-Franz law κel(T ) ∝ σ(T ) holds for, κL
becomes a crucial parameter to improve the performance of
TE conversion. In this framework, Slack1 has proposed the
concept of “phonon-glass electron-crystal”. This has been one
of guiding principles for exploring high-performance TE ma-
terials2,3.
Type-I clathrates with “off-center” guest ions, such
as R8Ga16Ge30(R=Ba, Sr, Eu)
4–9, Ba8Ga16Sn30
10,11,
Sr8Ga16Si30−xGex
12, are particularly interesting in this
respect since these systems exhibit almost identical lattice
thermal conductivities to those of structural glasses, which
consist of four specific regions characterized by: (i)T∼2-
dependence below a few Kelvin, (ii) the plateau region
between a few K and a few 10K, and (iii) the subsequent
rise proportional to T, and (iv) its saturation above T∼100K.
These characteristics of κL exhibit a remarkable uniformity
which appears to be insensitive to chemical compositions,
suggesting the existence of a unified mechanism13. However,
this issue remains as an open and challenging problem of
long-standing due to the difficulty to identify relevant entities
or elements at atomistic level caused by their complex micro-
scopic structures. Surprisingly enough, though “off-center”
clathrates are crystalline with regularly network structure,
the temperature dependence as well as the magnitudes of
their thermal conductivities are almost identical to those
of structural glasses over the full temperature range. In
contrast, type-I clathrates with “on-center” guest ions show
conventional crystalline κL
2.
This paper is organized as follows. Section II surveys the
characteristics of vibrational modes according to the results of
the spectral density of states, eigenvalues and their eigenvec-
tors14. We claim in this Section that the onset of the plateau
is due to the delocalization-localization (weak localization)
transition of acoustic modes. In addition, we point out that
the temperature region showing the T-linear rise subsequent
to the plateau is associated with the energy range where SL
modes are fully excited. Section III describes the construction
of anharmonic interaction Hamiltonian between SL and EX
modes. The second quantized form of anharmonic Hamilto-
nian is given in Section IV. Section V develops a theory on
the mechanism governing the T-linear rise of κL(T ) above a
few 10K. Excited modes in this temperature region are mostly
strongly-localized (SL) modes satisfying the Ioffe-Regel con-
dition as evident from the mode pattern obtained by large-
scale numerical simulations14. These are hybridized modes
between acoustic phonons associated with network cages and
local vibrations of guest ions in cages. Based on these nu-
merical evidences, we explain in quantitative manner κL(T )
proportional to T observed above the plateau, by introducing
the quantum mechanical process of hopping of SL modes due
to anharmonic interactions, first proposed for fracton excita-
tions 15. Summary and conclusions are given in Sec. VI.
20
2
a
0
2
a
0
a
A
B
C
(2) 
(1) 
(a) (b) 
(c) (d) 
x
y
FIG. 1. (Color online) (a) Illustration of type-I clathrate. The four-
fold inversion axes are directed along the axises x, y, z. Red and blue
balls represent off-center guest ions in tetrakaidecahedron cages and
centered guest ions in dodecahedron cages, respectively. (b) Two off-
center guest ions along y-axis are depicted. (c) The configuration of
eight nearest neighbor guest ions connected by equilateral triangle.
The sites A, B, and C in (c) are seated on the chains parallel to x, y,
and z, respectively: A=(a/4, 0, a/4), B = (0, a/4, 3a/4), C =(a/2, a/2,
a/2). (d) The molecular unit composed of tetrakaidecahedron cage
with off-center guest ion(2) at 24k site and smaller dodecahedral cage
with guest ion(1) at 2a site.
II. CHARACTERISTICS OF EXCITED PHONONS AT THZ
FREQUENCY REGION
Type-I clathrates form a primitive cubic structure (Pm3¯n)
consisting of 6 tetrakaidecahedron (14-hedrons) and 2 dodec-
ahedron (12-hedrons) per unit cell, in which the group-I or -II
elements in the periodic table are encaged in the polyhedrons
as guest ions. See Fig. 1. The THz frequency phonon dy-
namics of off-center type-I clathrates has been investigated in
terms of large-scale numerical simulations. They have illus-
trated type-I Ba8Ga16Sn30 (BGS) exhibiting glasslike κL(T )
as a prototypematerial with off-center guest ions, in which the
guest ion Ba(2) in tetrakaidecahedron cage has the mass m
and the molecular unit composed of one tetrakaidecahedron
and 1/3 dodecahedron does the total mass M excluding the
off-center guest ion. The coarse-grained picture, an operation
of reducing the degrees of freedom of the original system, is
valid for our purpose from the following reasons. First of all,
EX acoustic modes at THz frequencies play a dominant role
in heat transport since optical modes concerning to the vibra-
tions of cages themselves do not contribute to thermal con-
ductivity. Second, the wave-length λ of phonons in the fre-
quency regime ν ≤ 2.5 THz (E≤ 10meV) becomes λ≥ 1.6
nm, which is larger than the size of a unit cell of a0≃1 nm
in type-I clathrates, as estimated from the relation λ=v/ν us-
ing the sound velocity v ≈ 4 × 103[m/sec]. These validate
the coarse-grained Hamiltonian for describing THz frequency
dynamics rather than treating all microscopic constituents as
equally relevant degrees of freedom.
Extremely large system-sizes are required in computer sim-
ulations on disorder systems in order to distinguish local-
ized modes from extended modes. However, the present
status of first-principles calculations (FPC) are limited to
insufficient system-sizes for properly incorporating the dis-
order attributing to off-centeredness of guest atoms in off-
center type-I clathrates consisting of a unit cell with ‘54’
atoms. Thus, it is difficult not only to include realistic dis-
order reproducing glasslike thermal conductivities, but also to
exclude finite size effect for propagating acoustic phonons.
Liu et. al.14 have performed calculations for 3D systems
of (20×20×20)∼(100×100×100)molecular units, for which
they have employed a powerful numerical method called the
forced oscillator method.16,17 They have also studied the lo-
calization nature of exited modes by taking the participa-
tion ratio (PR) as a criterion. The PR of a relevant mode
{ϕℓ(εq); ℓ = 1, 2, ...N} belonging to the eigenenergy εq is
defined by
P (εq) =
(∑N
ℓ=1 |ϕℓ(εq)|
2
)2
N
∑N
ℓ=1 |ϕℓ(εq)|
4
, (1)
where ℓ denotes the ℓ-th molecular unit depicted in Fig. 1 (d)
and N is the total mode number. For EX modes in a finite
system, P (εq) take values close to ≈0.6 when εq 6= 0, and
P (εq) becomes ≈ 1/N for SL modes
18. Figure 2 (a) is the
calculated phonon density of states (DOS), and (b) the results
of P (εq) for the size of 20×20×20 lattice of off-center type-I
BGS. It is remarkable that P (εq) ranges from a value of SL
modes P (εq) ≈ 0 to EX modes of P (εq) ≈ 0.6. We should
emphasize that there appear three kinds of modes in the THz
frequency region and below classified into EX, WL and SL
modes. SL modes with PR values much smaller than unity are
realized in the energy range from 2 to 3 meV as found from
calculated mode patterns. Figure 3 depicts the mode patterns
of SL mode at εq=2.6meV.
The calculations of the PR for excited modes depicted in
Fig. 2 have demonstrated that there exists the delocalization-
localization transition at a “finite” frequency ωc distinguish-
ing EX and WL modes with the nature of acoustic modes
vibrating “in-phase” between guest ions and cages. Further-
more, it has been found14 that WL modes convert to SL
modes at higher frquencies with the nature of optical modes
vibrating “out-of-phase” between guest ions and cages. In
this aspect, we note that Nakayama19 had demonstrated the
clear existence of the transition from WL to SL modes for
the quasi-one-dimensional (1D) coarse-grained model con-
sisting of host network and guest atoms connected by random
springs. It was found19 that WL modes vibrate in-phase be-
tween network atoms and guest atoms, while SL modes man-
ifest optical modes vibrating out-of-phase. However, there
is no EX modes due to “quasi-1D” model. This manifests
the Anderson weak localization criteria where the critical fre-
quency ωc takes a finite value in three dimensional (3D) sys-
tems, while it vanishes for 1D and 2D systems suggesting no
EX modes in 1D and 2D disordered systems. The quasi-1D
model19 should be thought as the simplest theoretical model
for cage-guest systems with broad implication for the dynam-
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FIG. 2. (Color online) (a). Calculated phonon density of states
(DOS) of off-center type-I BGS for the system size of 99×99×99
under periodic boundary condition. (b). Calculated participation ra-
tio P (εq) defined in Eq. (1) as a function of eigenenergy εq in the
energy range marking by the blue shadow in (a) for the system size
of 20×20×20 under periodic boundary condition.
ics of cage-guest systems.
The observed delocalization-localization transition at
εq ≈ 1.3meV accords with the observed onset temperature of
the plateau of κL in BGS at TP ≈1.3meV/3.84kB ≈ 3.9K as
estimated from the Wien’s displacement law for lattice ther-
mal conductivities. Thus, the onset of the plateau is appar-
ently due to the weak localization of acoustic modes. The
plateau region should be interpreted as the contribution of EX
phonons “saturates” at TP for off-center type-I BGS. We note
here that the random orientation of guest ions in cages plays a
crucial role to the localization.
With increasing temperature further above a few 10K,
κL show a linear rise on temperature
2. This type
of anomalous thermal conductivities characterized by the
plateau and the subsequent T-linear rise of thermal con-
ductivities have been clearly observed for off-center type-
I clathrates4,5,7,8,10–12. SL modes are fully excited above
the temperature T≃10K≈3meV/3.84kB from the Wien’s dis-
placement law. This indicates that T-linear rise subsequent to
the plateau attributes to the excitations of SL modes. In the
following Sections, we present the theoretical interpretation
on the underlying mechanism of the linear rise on tempera-
ture above the plateau region for κL.
III. COARSE-GRAINED HAMILTONIAN FOR TYPE-I
OFF-CENTER CLATHRATES
A. Harmonic Hamiltonian
The Hamiltonian for off-center type-I clathrates under a
coarse-grained picture consists of the kinetic energy of net-
worked cages KC and off-center guest ions in cages KG in
addition to the potential energy of the cage-cage interaction
VCC and the cage-guest interaction VCG. This is expressed
FIG. 3. (Color online) The mode pattern of SL modes belonging
to the eigenenergy εq=2.6meV. Both the color scale and cubic size
indicate the strength of amplitudes at each site. The mode pattern
is obtained from the system size 20×20×20 under fixed boundary
condition.
by
H0 = KC +KG + VCC + VCG. (2)
The explicit form of the total kinetic energy is given by the
sum ofKC andKG such as
K =
1
2
∑
ℓ
(
M r˙ℓ(t)
2 +mu˙ℓ(t)
2
)
, (3)
wherem andM are masses of the guest ion in tetrakaidecahe-
dron cage and the remained molecular unit, respectively. The
vectors rℓ(t) and uℓ(t) represent small displacements of cage
and guest ion from their equilibrium positions,Rℓ andRℓ+Uℓ,
at the site ℓ as depicted in Fig. 4. Note here that guest ions
take random orientation Uℓ(φℓ) in tetrakaidecahedron cages.
The molecular unit composed of tetrakaidecahedron and
dodecahedron is elastically connected with neighboring ones
by the force constants f‖, f⊥. These are related to the sound
velocities of longitudinal (µ = ‖) and transverse (µ =⊥)
acoustic modes via the relation vµ = a[fµ/(m+M)]
1/2 with
a = a0/2 where a0 is the lattice spacing of primitive cubic
structure (Pm3¯n) of type-I clathrates. Thus, we can estimate
the force constants f‖, f⊥ from the observed data of sound
velocities. Note here that 6 molecular units are included in
unit cell in type-I clathrates. In terms of these quantities, the
potential energy of network cages becomes
VCC =
∑
ℓ′>ℓ,µ
fℓ,ℓ′,µ
2
(rℓ,µ(t)− rℓ′,µ(t))
2, (4)
where µ = ‖,⊥,⊥′. Hereafter, we keep up to the nearest
neighbor coupling (ℓ′ = ℓ+1) betweenmolecular units, which
are denoted by f‖, f⊥ and f⊥′ . The effect of randomly ori-
entated guest ions are included in the following cage-guest
interaction Hamiltonian.
The Hamiltonian should satisfy the symmetry of infinites-
imal translation-invariance as a whole, i.e., rℓ = uℓ = δa,
4which guarantees acoustic phonons as the Nambu-Goldstone
boson with the eigenfrequency ωk → 0 for k → 0. This
symmetry principle also holds for the potential of cage-guest
interaction. Hence, the potential function for the cage-guest
interaction VCG should be given by relative coordinates be-
tween the cage and the guest ion of wℓ(t) = uℓ(t) − rℓ(t),
which is expressed by
VCG =
∑
ℓ,m=in,out
ξm
2
w
2
ℓ,m(t), (5)
where ξm represents the force constants between cage and
guest ion depending on in-plane (parallel) or out-of-planemo-
tion (perpendicular) to the hexagonal face in the tetrakaideca-
hedron cage. The guest ions execute in-plane vibration paral-
lel to x−y plane in addition to out-of-planemotions10 because
of the anisotropic shape of tetrakaidecahedron cages. This
is because off-center guest ions are involved in tetrakaidec-
ahedron cages whose shape distinguishes the vibrations of
off-center guest ion(2) in the plane parallel and perpendicu-
lar to the hexagonal face of the cage. Mori et al. 20 observed
by means of THz time-domain spectroscopy that the lowest-
lying peak of off-center BGS at 0.71THz splits into double
peaks, ωφ0 /2π=0.5THz and ω
r
0/2π=0.72THz for off-center
type-I BGS below T≃100K. These spectra should be assigned
to the libration and stretching modes of Ba(2) associated with
ξφ and ξr. The peak around 1.35THz is assigned as the out-of-
plane motion of Ba(2) to the hexagonal faces of tetrakaidec-
ahedron, which should be concerned with ξθ . The Raman
spectra of off-center Sr8Ga16Ge30 (SGG) have observed A1g
stretching mode as 48 cm−1, and for off-centerEu8Ga16Ge30
(EGG) as 36 cm−1 at 2K 21. Using these data, we can esti-
mate the force constants via the relation ξr,(φ,θ) = m
′ω2r,(φ,θ),
wherem′ is the reducedmass defined by 1/m′ = 1/M+1/m.
By taking account of this aspect, the quasi-harmonic
Hamiltonian valid at T.100K, attributing to coupled vibra-
tions between cages and guest atoms, can be expressed in the
vector form as
VCG =
1
2
∑
ℓ
ξr(Uˆℓ ·w‖,ℓ)
2 +
1
2
∑
ℓ
ξφ(Uˆℓ ×w‖,ℓ)
2
+
1
2
∑
ℓ
ξθ(w⊥,ℓ)
2, (6)
where Uˆℓ = (Uˆ
x
ℓ , Uˆ
y
ℓ ) is the unit vector for the vector Uℓ.
{φℓ} and {θℓ} represent the azimuthal and the polar angle in
spherical coordinates. The effect of “random” orientation of
guest ions {φℓ} induced by off-centeredness are involved in
{Uℓ}. The relation between off-centeredness and disorder in
Eq. (6) is described in details in Supplemental Material (SM).
B. Anharmonic coupling between acoustic phonons and SL
modes
When acoustic modes (LA and TA) are propagating along
networked cages, the cages are distorted and these change the
states of guest ions, which are realized via the change of the
Rl + rl (t)
Rl + Ul + ul (t) Rl+1 + Ul+1 + ul+1 (t)
Rl+1 + rl+1(t)
FIG. 4. (Color online) The definition of the position vectors: Rℓ +
rℓ(t) is the position vector of the ℓ-th molecular unit at time t, where
Rℓ is the equilibrium position of the ℓ-th cage center and the vector
rℓ(t) represents a small displacement from Rℓ at time t. The position
vector of the guest ion(2) is defined by the vector Rℓ + Uℓ + uℓ(t),
where Uℓ is the equilibrium position of guest ion(2) from Rℓ, and
uℓ(t) is a small displacement from Rℓ + Uℓ.
force constants ξr and ξφ in Eq. (6). The in-plane (stretch-
ing and libration) modes are sensitive to temperature/pressure
comparedwith out-of-planemodes as shown in the optic spec-
troscopy data below T≃100K .20,21 Thus, the anharmonic ef-
fect between acoustic modes and in-plane modes in the first
and the second terms in Eq. (6) becomes relevant in compar-
ison with the third term. The expansions of ξr and ξφ with
respect to the strain tensor eαβ for α, β = x, y, z provide
ξr,(φ) = ξ
(0)
r,(φ) +
∑
α=x,y,z
Dr,(φ)eαα +
∑
α,β=x,y,z
α 6=β
Sr,(φ)eαβ + ...,(7)
Here the coefficients are defined by Dr,(φ) =
∂ξr,(φ)/∂eαα, Sr,(φ) = ∂ξr,(φ)/∂eαβ(α6=β) where
eαβ = 1/2 (∂uα/∂xβ + ∂uβ/∂xα) is the component
of strain tensor. It should be noted that eαα expresses the
compression or expansion, and eαβ(α6=β) does the shear
destorsion. The expansion in Eq. (7) leads to the following
anharmonic interaction expressed in the vector form as
V ′CG =
1
2
∑
ℓ,α6=β
(Dreαα + Sreαβ)(Uˆℓ ·w‖,ℓ)
2
+
1
2
∑
ℓ,α6=β
(Dφeαα + Sφeαβ)(Uˆℓ ×w‖,ℓ)
2.
(8)
Here we note that Eq. (8) satisfies the condition of infinites-
imal translational invariance as a whole; V ′CG → 0 under
the long wavelength limit kµ → 0. We emphasize again
that Eq. (8) is valid at temperatures T.100K where the guest
atoms execute coupled vibrations with cages.20,21 While, at
T&100K, κL(T) saturates without exhibiting the appreciable
T-dependence, where guest atoms behave like rattlers in cages
termed by the ”rattling” motion, where the concept of vibra-
tional modes is invalid.20,21
5IV. THE 2ND QUANTIZED FORM OF INTERACTION
HAMILTONIAN
A. Acoustic phonons causing from networked cages
Provided that EX acoustic phonons with wavelengths λ
much larger than the lattice spacing a0 propagate through net-
worked cages, the molecular units and guest ions vibrate “in
phase”. The displacement at the site ℓ is expressed by the sum
of plane waves as given by
rℓ(t) =
∑
kµ
√
~
2ρωkµ
eˆkµ
(
φkµ(Rℓ)b
†
kµ
(t) + h.c.
)
. (9)
Here the symbols b†
kµ
(bkµ) express the creation (annihilation)
operator for acoustic phonon of the mode (kµ) with µ =‖,⊥,
which represent longitudinal and transverse modes, respec-
tively. The vector Rℓ expresses the equilibrium position of
the ℓth molecular unit as depicted in Fig. 4, and h. c. indicates
the Hermitian conjugate. The mass density is defined as
ρ = 6(m + M)/a30 with the size of unit cell of a0 since 6
molecuar units are involved in unit cell of type-I clathrates.
See Sec. I in Supplemental Material (SM) about the defini-
tions employed in this paper.
The function φkµ(Rℓ) in Eq. (9) takes the form of
φkµ(Rℓ) =
√
1
V
eikµ·Rℓ . (10)
The normalization condition for φkµ(Rℓ) is given by∫
| φkµ(Rℓ) |
2 dRℓ = 1. (11)
B. Strongly localized modes due to guest ions
Figure 3 provides the mode belonging to the eigenenergy
εq=2.6meV obtained for the system size 20×20×20. This
mode pattern indicates that the localization length Lλ is com-
parable with the wavelength 2π/kλ, i.e., localized within sev-
eral molecular units, manifesting the Ioffe-Regel condition of
the strong localization. On the basis of these numerical find-
ings, we can express the form of SL modes in terms of the
relative coordinate wℓ(t) = ul(t)− rl(t) as
wℓ(t) =
∑
λ
√
~
2m′ωλ
eˆλ
(
ψλ(Rℓ)c
†
λ(t) + h.c.
)
. (12)
Here the mass m′ is the reduced mass defined by 1/m′ =
1/M+1/m, whereM is the mass of the molecular unit given
in Fig. 1, much larger than the mass of guest ion m, for ex-
ample, M = 6.01m for off-center type-I BGS. The symbol
c†λ (cλ) represents the creation (annihilation) operator for the
localized mode λ. We put forward the Ansatz for the ampli-
tude ψλ(Rℓ) of the form
ψλ(Rℓ) = A cos [kλ · (Rℓ − Rλ)] e
−|Rℓ−Rλ|/Lλ . (13)
FIG. 5. (Color online) The diagrams showing the hopping process
for strongly SL modes arising from anharmonic interaction between
SL modes and EX modes: (a) SL→ EX + SL, and (b) EX + SL→
SL. The solid lines denote SL mode and the wavy lines EX mode.
where Rλ represents the center of SL mode λ. This wave
function has vanishing group-velocities vg characterizing lo-
calized modes.
The prefactorA in Eq. (13) can be determined from the nor-
malization condition of∑
ℓ
| ψλ(Rℓ) |
2=
1
Ω
∫
dRℓ | ψλ(Rℓ) |
2= 1, (14)
where Ω = V/N is the volume of the molecular unit depicted
in Fig. 1(d). This yields, by combingwith the Ioffe-Regel con-
dition,
A ∼=
√
2Ω
πL3λ
. (15)
The above has been obtained by using the formula cos2(k ·
R) = (cos(2k · R) + 1)/2. According to the Ioffe-Regel con-
dition k ≈ 2π/Lλ, the 1st term in the integral becomes negli-
gible compared with the 2nd term since the 1st term yields
rapidly oscillating function in the integrand. This leads to
Eq. (15). Thus, the normalized wave function of the SL mode
λ becomes
ψλ(Rℓ) =
√
2Ω
πL3λ
cos [kλ · (Rℓ − Rλ)] e
−|Rℓ−Rλ|/Lλ . (16)
C. Anharmonic Hamiltonian between SL and EX modes
We consider here the effect of incoming EX acoustic
phonons with the polarization vector eˆkµ to SL modes with
the polarization vectors eˆλ′ and eˆλ′′ . These are included in
Eq. (8) as the scalar product (eˆλ′ · Uˆℓ)(eˆλ′′ · Uˆℓ) and the prod-
uct (eˆλ′ × Uˆℓ) · (eˆλ′′ × Uˆℓ). At first, we fix the direction
of the wave vector of incoming EX phonons kµ and later we
include the contributions from 3 components of the wave vec-
tor kµ. We should note that the deformation (normal or shear
strain) of cages causing from incoming acoustic phonons re-
sponses to every directions of the polarization vector of SL
modes, which provides both the interaction between the same
polarization and different polarizations of SL modes as shown
below.
The second quantized anharmonic Hamiltonian is obtained
by substituting Eqs. (9) and (12) into Eq. (8) by using the rela-
tions given in Sec. II in SM. The product of the field operators
6bkµcλ′cλ′′ consists of eight terms. The two involve the combi-
nations b†
kµ
c†λ′c
†
λ′′ and bkµcλ′cλ′′ are irrelevant to the hooping
processes because of not conserving the total energy. Fur-
thermore the other two terms b†
kµ
cλ′cλ′′ and bkµc
†
λ′c
†
λ′′ do not
contribute to the scattering processes since the energies of EX
modes are smaller than those of SL modes. Hence, the rel-
evant second quantized anharmonic Hamiltonian for the pro-
cess on EX + SL→ SL is given by
H ′CG =
∑
kµ,λ′,λ′′
(Akµ,λ′,λ′′bkµcλ′c
†
λ′′ + h.c.),
+
∑
kµ,λ′′′,λ′′′′
(Bkµ,λ′′′,λ′′′′bkµcλ′′′c
†
λ′′′′ + h.c.)
+
∑
kµ,λ′,λ′′′
(Ckµ,λ′,λ′′′bkµcλ′c
†
λ′′′ + h.c.),
(17)
whereAkµ,λ′,λ′′ is associated with the interaction between the
modes with x-polarization,Bkµ,λ′′′,λ′′′′ corresponds to the in-
teraction between y-polarization, and Ckµ,λ′,λ′′′ does the in-
teraction between two different polarizations. See Fig. 5.
By taking the unit vectors xˆ, yˆ, zˆ the same as the directions
of the polarizations eˆ‖, eˆ⊥, eˆ⊥′ of EX acoustic modes, we have
Akµ,λ′,λ′′ = −
1
4
∑
l
i
√
~
2ρωkµ
√
~
2m′ωλ′
√
~
2m′ωλ′′
× φkµψλ′ψλ′′
[
(Dr +Dφ)k‖δµ,‖ + (Sr + Sφ)k⊥δµ,⊥
]
,
(18)
and the term on Bkµ,λ′′′,λ′′′′ becomes the same as Akµ,λ′,λ′′
by setting [λ′, λ′′ −→ λ′′′, λ′′′′]. The last one should be
Ckµ,λ′,λ′′′ = −
1
π
∑
l
i
√
~
2ρωkµ
√
~
2m′ωλ′
√
~
2m′ωλ′′′
× φkµψλ′ψλ′′′
[
(Dr −Dφ)k‖δµ,‖ + (Sr − Sφ)k⊥δµ,⊥
]
.
(19)
The squared quantity on Eq. (18) is given by
A2
kµ,λ′,λ′′ =
CI21
V L3λ′L
3
λ′′
1
ωkµωλ′ωλ′′[
(Dr +Dφ)k‖δµ,‖ + (Sr + Sφ)k⊥δµ,⊥
]2
,
(20)
where the coefficient C is defined as
C =
~
3Ω2
25ρm′2
. (21)
The expression of B2
kµ,λ′′′,λ′′′′
takes the same form as
A2
kµ,λ′,λ′′
, since they both correspond to the interaction
between SL modes with the same polarization. While
C2
kµ,λ′,λ′′′
corresponding to interaction between differ-
ent polarizations has an additional factor (4/π)2 and[
(Dr −Dφ)k‖δµ,‖ + (Sr − Sφ)k⊥δµ,⊥
]2
.
V. HOPPING PROCESS
A. Relaxation time of SL modes
This subsection gives the formula for the relaxation time of
SL mode due to the scattering process EX+SL→ SL (hopping
process) together with its reverse process shown in Fig. 5 by
applying the Fermi golden rule. To obtain the total transition
rate of the SL mode in λ′, we have to incorporate all of four
processes for each polarization as given below. These provide
the decay of the Bose-Einstein distribution function nλ′ for
the occupied state λ′,
dnλ′
dt
=
2π
~2
∑
kµ,λ′′
|Akµ,λ′,λ′′ |
2[nλ′′(1 + nkµ)(1 + nλ′)
− nkµnλ′(1 + nλ′′)]δ(ωλ′′ − ωλ′ − ωkµ)
+ |Akµ,λ′′,λ′ |
2[nkµnλ′′(1 + nλ′)− nλ′(1 + nkµ)
× (1 + nλ′′)]δ(ωλ′ − ωλ′′ − ωkµ)
+
[
Akµ,λ′,λ′′ −→ Ckµ,λ′,λ′′′ , λ
′′ −→ λ′′′
]
(22)
We consider, at first, the decay due to the hopping process
between the same polarization, i.e., the contribution from the
first two terms of Eq. (22). By separating the distribution func-
tion into two parts. n = n(0) + n(1), where n(0) is the Bose-
Einstein distribution function in equilibrium state and n(1) is
its deviation due to the scattering processes, and by employing
the relaxation time approximation, dn
(1)
λ′ /dt = −nλ′
(1)/τλ′ ,
we have the inverse of relaxation time from Eq. (22) for the
same polarization process,
1
τ sameλ′
∼=
2π
~2
CI21
V L6
∑
kµ,λ′′
1
ωkµωλ′ωλ′′
×
[
(Dr +Dφ)k‖δµ,‖ + (Sr + Sφ)k⊥δµ,⊥
]2
× [δ(ωλ′′ − ωλ′ − ωkµ)(n
(0)
kµ − n
(0)
λ′′ )
+ δ(ωλ′ − ωλ′′ − ωkµ)(1 + n
(0)
kµ + n
(0)
λ′′ )], (23)
where the explicit form of the summation I1 arising from the
overlapping of wave functions ψλ′ and ψλ′′ is given by
I1 =
∑
ℓ
e−ikµ·Rl cos [kλ′ · (Rl − Rλ′)] e
−|Rℓ−Rλ′ |/Lλ′
× cos [kλ′′ · (Rl − Rλ′′)] e
−|Rℓ−Rλ′′ |/Lλ′′ . (24)
The above sum I1 can be reduced to, by taking the origin of
the sum as Rλ′ = 0 and the nearest neighbor position from
the origin as Rλ′′ = ∆Rλ′′ ,
I1 =
∑
ℓ
f(Rℓ)f(Rℓ −∆Rλ′′)e
−ikµ·Rℓ , (25)
where the even function f(Xℓ) is defined as
f(Xℓ) = cos(kλ′ · Xℓ) e
−|Xl|/Lλ′ . (26)
Since the localization lengths of SL modes are the same, e.g.,
Lλ′ ∼= Lλ′′ , hereafter we denote this as L. As f(Xℓ) is con-
cerned with SL modes, the relevant sum should be made in
7the region | Xℓ |≤ L, so we can approximate the summation
by
I1 ∼=
1
Ω
∫
|Xℓ|<L
dRℓf(Rℓ)f(Rℓ −∆Rλ′′ )e
−ikµ·Rℓ
∼=
1
Ω
∫
|Xℓ|<L
dRℓ e
−|Rℓ|−|Rℓ−∆Rλ′′
|
L e−ikµ·Rℓ
[
1
2
cos (2kλ′ · Rℓ − kλ′ ·∆Rλ′′) +
1
2
cos (kλ′ ·∆Rλ′′)
]
∼= |∆Rλ′′ |πL
2 1
2Ω
e−|∆Rλ′′ |/L.
(27)
where we have used the approximation cos(kλ′ · ∆Rλ′′) ≈
cos(kλ′nL) ≈ 1 from the Ioffe-Regel condition L ≈ 2π/kλ′
for SL modes and e−ikµ·Rℓ ≈ 1 due to | kµ |≪ 2π/L for
the wave number of EX acoustic modes. The term contain-
ing cos (2kλ′ · Rℓ − kλ′ ·∆Rλ′′) becomes negligible since it
yields rapidly oscillating function in the integrand.
This gives the squared hopping integral of the form
I21 ≃
(
π∆Rλ′′L
2
2Ω
)2
e−2∆Rλ′′/L, (28)
where∆Rλ′′ is the hopping distance.
In the temperature regime T≃ a few 10K, i.e., kBT >
~ωλ′ , ~ωλ′′ > ~ωkµ, the inverse of the relaxation time takes
the following form under the above conditions and by em-
ploying the linear dispersion relation for EX phonon mode
ωkµ = vµkµ,
1
τ sameλ′
∼=
2πkBT (Dr +Dφ)
2CI21
~3V L6v2‖
×
∑
k‖,λ
′′
[
δ(ωλ′′ − ωλ′ − ωk‖)
ω2λ′′
+
δ(λ′ ⇄ λ′′)
ω2λ′′
]
+ [2× (D −→ S, ‖−→⊥) in the above] .
(29)
Here the coefficientC is defined in Eq. (21). We have omitted
the temperature independent term providing only small contri-
butions.
B. Thermal conductivity due to the hopping of SL modes
In the previous subsection, we have formulated the relax-
ation rate of SL modes due to the anharmonic interaction be-
tween SL modes and EX modes. This is a quantum process
realizing the decay of SL′ mode to SL′′ mode assisted by EX
mode: SL′+EX→SL′′. Without anharmonic interaction, SL
modes cannot diffuse/contribute to thermal transport. This
means that the plateau region should continue over at higher
temperatures after exhibiting the onset of the plateau, i.e., the
contribution from EX modes to lattice thermal conductivity
is saturated at higher temperatures. This is because the onset
of the plateau arises from the weak localization of acoustic
modes as explained in Sec.II. Thus, the T-linear rise of κL(T )
cannot recover without anharmonic interaction between SL
modes and EX modes.
In addition, we emphasize that disorder, induced by off-
centeredness as shown in Supplemental Material, is essential
to generate the hopping of SL modes. This occurs only in
the case that SL′ mode belonging to the eigenfrequency ωSL′
can hop to a site of SL′′ mode with a different eigenfrequency
ωSL′′ via absorption or emission of EX mode with finite fre-
quency ±(ωSL′ − ωSL′′). This finite frequency is created by
level repulsion between eigenfrequencies due to disorder, i.e.,
localized modes never belong to the same eigenfrequency ac-
cording to the level repulsion.
Let us provide the formula of κL(T ) due to the diffusion
process where SL modes serve as primary heat carriers. In
this process, the characteristic length-scale should be the hop-
ping distance∆Rλ′′ from the site of SL
′ mode to that of SL′′
mode, and the characteristic time-scale is the relaxation time
τλ′ of the SL
′ mode. This leads to the following formula of
the lattice thermal conductivity due to the hopping process,
which was first proposed for fracton excitations by Alexander
et. al. 15,
κhop(T ) =
1
3V
∑
λ′
Cλ′(T )
∆R2λ′′
τλ′
, (30)
where ∆R2λ′′/τλ′ is the thermal diffusivity of SL mode λ
′,
Cλ′(T ) is the specific heat associated with the SL mode λ
′.
In the high temperature regime above the plateau region T&a
few 10K, the specific heat follows the Dulong-Petit relation
of the form Cλ′(T ) = kB per one polarization of SL mode
λ′. Note that 1/τλ′ = 1/τ
same
λ′ +1/τ
dif
λ′ , we first calculate the
hopping process between the same polarization by,
κsamehop (T ) =
kB
3V
∑
λ′
∆R2λ′′
τ sameλ′
. (31)
The substitution of Eq. (29) into Eq. (31) together with
Eq. (28) yields
κ
same
hop (T ) ∼=
kB
3V 2
π3kBT (Dr +Dφ)
2C
2~3v2‖L
2Ω2
∑
k‖,λ
′,λ′′
∆R4λ′′
ω2λ′′
× e−2∆Rλ′′/L
[
δ(ωλ′′ − ωλ′ − ωk,‖) + δ(λ
′
⇄ λ
′′)
]
+ [2× (D −→ S, ‖−→⊥) in the above]
(32)
Transforming the sum
∑
kµ
for EX phonon modes to the
integral V/(2π)3
∫
dkµ = V/(2π
2v3µ)
∫
ω2kµdωkµ , we have
κsamehop (T ) =
πk2BTC
12~3V Ω2L2
[
(Dr +Dφ)
2
v5‖
+ 2
(Sr + Sφ)
2
v5⊥
]
×
∑
λ′′,λ′
∆R4λ′′e
−2∆Rλ′′/L
(ωλ′′ − ωλ′)
2
ω2λ′′
(33)
The sum on λ′ and λ′′ above should include the density of
states of SL modes DSL(ωλ′) and DSL(ωλ′′ (∆Rλ′′)) for the
same polarization process. The volume Ω should contain two
8independent SL modes corresponding to two independent in-
plane mode, say, stretching or libration, in the band width of
∆ωsl, which leads to
DSL(ωλ′)Ω∆ωsl = 2. (34)
and
DSL(ωλ′′(∆Rλ′′ ))Ω∆ωsl = 1. (35)
where the volumeΩ contains at least one possible SLmodeλ′′
with the same/different polarization as/from mode λ′. Since
the term ∆R4λ′′e
−2∆Rλ′′/L in Eq. (35) achieves its maximum
at ∆Rλ′′ = 2L and it decays fast with the further increasing
of∆Rλ′′ , the sum of λ
′′ could be estimated within the sphere
region∆Rλ′′ ≤ ∆R.
∑
λ′′,λ′
∆R4λ′′e
−2∆Rλ′′/L
(ωλ′′ − ωλ′)
2
ω2λ′′
∼=
4π
3 ∆R
32V
Ω2
∆R4e−2∆R/L × (10−2)
(36)
Here the sum on SL modes are done by
∑
λ′′ =
4π∆R3/3
∫ ωsl+∆ωsl
ωsl
D(ωλ′′(∆Rλ′′ ))dωλ′′ and
∑
λ′ =
V
∫ ωsl+∆ωsl
ωsl
D(ωλ′)dωλ′ , where the factor 4π∆R
3/3Ω
from Eq. (35) means the total number of hopping sites
from λ′ to λ′′ for the same polarization process, and
2V/Ω from Eq. (34) is the total number of λ′ contribut-
ing the thermal conductivity κhop. The numerical fac-
tor 10−2 arises from the magnitude estimation of integral∫ ωsl+∆ωsl
ωsl
dωλ′
∫ ωsl+∆ωsl
ωsl
dωλ′′
(ωλ′′−ωλ′)
2
∆ω2
sl
ω2
λ′′
.
The formula of the thermal conductivity due to the hopping
mechanism is given by
κsamehop (T ) =
π2k2BT∆R
7
144ρm′2Ω2L2
e−2∆R/L × (10−2)[
(Dr +Dφ)
2
v5‖
+ 2
(Sr + Sφ)
2
v5⊥
] (37)
The same procedure for the hopping process due to anhar-
monic interaction between different polarizations leads to
κdifhop(T ) =
42k2BT∆R
7
144ρm′2Ω2L2
e−2∆R/L × (10−2)[
(Dr −Dφ)
2
v5‖
+ 2
(Sr − Sφ)
2
v5⊥
] (38)
The total thermal conductivity due to the hopping mechanism
is given by the sum of these components as
κhop(T ) = κ
same
hop (T ) + κ
dif
hop(T ), (39)
C. Evaluation of anharmonic coupling D and S
Here we estimate the anharmonic coupling constantsDr(φ)
and Sr(φ) by illustrating type-I BGS. The coupling constants
Dr(Sr) andDφ(Sφ) are associated with the stretching and li-
bration motion of guest-cage vibrations identified by the force
constant ξr and ξφ in Eq. (6) by the relation ξr(φ) = m
′ω2r(φ),
wherem′ is the reducedmass defined by 1/m′ = 1/m+1/M .
In our coarse-grained Hamiltonian introduced in Sec. III, the
guest ion Ba(2) in tetrakaidecahedron cage has the mass m
and the molecular unit composed of 1 tetrakaidecahedron and
1/3 dodecahedron does the total mass M excluding the off-
center guest ion.
We first evaluate the coupling constantsDr(φ) from the Ra-
man spectroscopy data of pressure dependence 22. The Dr
can be related to the pressure P by
Dr =
∂ξr
∂eαα
= 3B
∂ξr
∂ωr
∂ωr
∂P
= 3B(2m′ωr0)
∂ωr
∂P
. (40)
Here B = ∆P(∆V/V ) is the linear thermal expansion coefficient,
where the dilation is given by ∆V/V =
∑
α eαα for cubic
structure. The coupling constantDφ can be defined in a simi-
lar manner to Eq. (40) as
Dφ =
∂ξφ
∂eαα
= 3B(2m′ωφ0 )
∂ωφ
∂P
. (41)
In the pressure range from 0.8 GPa to 5.8 GPa, Eg mode spans
from 20 cm−1 to 27 cm−1. While, for T2g mode, it ranges
from 17 cm−1 to 27 cm−1. The observed spectra of these
two modes are overlapped/mixed. Taking account of these as-
pects, we have ∂ωr/∂P = 2π×4.2×1010 [sec−1GPa−1] and
∂ωφ/∂P = 2π × 6.0 × 1010 [sec−1GPa−1]. We then obtain
the coupling constants Dr = m
′π2 × 3.0 × 1025 [kg · sec−2]
andDφ = m
′π2 × 3.0× 1025 [kg · sec−2] using the observed
bulk modulus B = 41.3GPa 23. Within our knowledge, the
experiment data for estimating the coupling coefficients Sr(φ)
are not available, so we assume as Sr ≈ Dr and Sφ ≈ Dφ at
the present stage. The above coupling constants yield
κhop = 3.3× 10
−3T (Wm−1K−1), (42)
where we have employed the values of parameters in Eq. (39)
as the localization length L = 2a0, the hopping distance
∆R = 3.5L, the volume of molecular unit Ω = (a0)
3/6,
the lattice spacing a0 = 11.68A˚, the mass density ρ =
6.01 × 103 kg/m3, in addition to the velocities of acoustic
phonons v‖ = 3369m/s and v⊥ = 1936m/s
9. The value
of κhop in Eq. (42) is smaller than the observed one of κhop =
9.2×10−3T (Wm−1K−1) for type-I BGS. This mainly arises
from, as will be demonstrated below by means of FPC, the
underestimated shear coupling constants Sr(φ) obtained by as-
suming the relations Sr(φ) ≈ Dr(φ).
Due to the lack of experiment data for the shear coupling
coefficients Sr(φ), we have performed FPC for type-I BGS
to obtain the coupling constants from the shift of eigenfre-
quencies at Γ-point of low-lying optical mode by imposing
strain to the cage structure. The normal strain is isotropic
9and defined as eαα = (a0 − a)/a0 where a0 and a are the
lattice constant for the unstrained and strained unit cell 24, re-
spectively. The shear strain is also isotropic and defined as
eαβ = (1 −
√
1− (2 cos θ − 1) cos θ)/(2 cos θ − 1) where θ
is the acute angle between edges after deformation.
We have performed the FPC by the VASP code 25 with the
Perdew-Burke-Ernzerhof functional and the PAW method 26,
plane wave cut-off energy 250 eV and the force convergence
less than 10−7eV/A˚. The phonon frequencies are calculated
by PHONOPY code 27 with the 4 × 4 × 4 Monkhorst-Pack
k grids and for a unit cell containing 54 atoms. The coupling
constants obtained from normal strain areDr = m
′π2×2.1×
1025 [kg · sec−2], Dφ = m
′π2 × 1.5 × 1025 [kg · sec−2], and
from sheared unit cell areSr = m
′π2×4.2×1025 [kg · sec−2],
Sφ = m
′π2×2.9×1025 [kg · sec−2], respectively. TheDr(φ)
are smaller than those estimated from the Raman spectroscopy
data of pressure dependence, though Sr(φ) are larger than the
values obtained from the assumption Sr(φ) ≈ Dr(φ). The
above coupling constants yield the thermal conductivity due
to the hopping of SL modes of
κhop = 4.8× 10
−3T (Wm−1K−1). (43)
We remark here that our FPC provides the results for the
on-center positioned Ba(2) because the optimization for off-
center structure is quite time-consuming and may require to
take into account the dipole-dipole interaction due to off-
centeredness and temperature effect. The on-center struc-
ture gives rise to the underestimated coupling constants S
since on-center guest ions should more weakly response to
shear distortion than the case of off-center. Then, the ac-
tual Sr(φ) should be larger than the above estimation. Un-
der these situations, the calculated value in Eq. (43) provides
reasonable agreement, to claim the relevance of the hopping
process of SL modes, with the observed κhop = γT with
γ = 9.2 × 10−3Wm−1K−2 for type-I BGS 9,10, and γ =
9.0×10−3Wm−1K−2 for type-I EGG 8. For type-I SGG, sev-
eral different values around γ ∼ 8.0× 10−3Wm−1K−2 have
been reported 4–6,12, indicating that the experimental data of
SGG depend on sample qualities according to synthesis meth-
ods. In that respect, it has been reported 6 that a flux-grown
sample shows a glasslike plateau, while a zone-melted sample
has a crystalline peak.
VI. SUMMARY AND CONCLUSIONS
Off-center type-I clathrates show almost identical lat-
tice thermal conductivities κL to those of structural glasses
4,5,7,8,10–12. In addition, off-center type-I clathrates show the
excess density of states at THz frequencies manifesting the
boson peak identical to those of network-forming glasses 9–11.
These indicate that the symmetry broken guest ions in cages
take charge of the emergence of glasslike κL(T ). In structural
glasses, many key aspects of a detailed quantitative descrip-
tion are still missing. This is due to the difficulty to identify
relevant entities or elements at atomic scale caused by their
complex microscopic structures.
In Sec. II, we have pointed out that the PR shown in
Fig. 2 provides the evidence that EX acoustic phonons car-
rying heat convert to WL modes modes at ∼ 1.3meV in
off-center BGS. This energy corresponds to the temperature
3.9K≈1.3meV/3.84kB from theWien’s displacement law, so
that this conversion should be associated with the onset of the
plateau thermal conductivities observed at several K in off-
center type-I clathrates4,5,7–12.
With increasing temperature further, thermal conductivities
above a few 10K show a linear rise on temperature. This type
of anomalous thermal conductivities with the plateau and the
subsequent T-linear rise have been clearly observed for off-
center type-I clathrates4,5,7–12. This is the prominent hallmark
of glasslike thermal conductivity since crystals with transla-
tional invariance never show these features. Rather, lattice
thermal conductivities of crystallines decrease with increas-
ing temperature proportional to κ(T ) ∝ 1/T known as the
Umklapp process 28.
The theoretical elucidation on the linear rise on temperature
“above” the plateau region has been the main subject of the
present paper. Our calculated results given in Sec.V, based on
hopping process, show fairly good agreement with observed
thermal conductivities above the plateau. We particularly em-
phasize that both the magnitude and the temperature depen-
dence of κ(T ) are in accord with the experimental data4,5,7–12.
At much higher temperatures, the T-linear rise in κ(T ) does
not continue, but κ(T ) saturates above T ≃ 100K8–10,12. In
this temperature regime, the treatment based on quantum me-
chanical process does not hold for since the life-time of ex-
cited modes becomes much smaller than the inverse of their
angular frequencies, where the guest ions become free from
the constraint of atoms constituting cages. This subject will
be discussed in detail elsewhere 29.
In conclusion, the phenomenon of T-linear rise of κL(T )
above a few 10K in off-center type-I clathrates has been
quantitatively explained by analytic theory, on the grounds
that off-center clathrates possess definite microscopic struc-
ture. Our successful clarification in quantitative manner is
owing to the fact that the systems are more tractable than
network-forming glasses with the difficulty to identify rele-
vant constituents at atomistic level caused by their complex
microscopic structures.
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